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SECTION  I 


INTRODUCTION 

A topological  lattice  is  one  of  the  topological  al- 
gebras and  is  defined  as  a Hausdorff  space  endowed  with  a 
pair  of  continuous  lattice  operations  in  a manner  similar 
to  that  of  topological  semigroups,  topological  groups,  to- 
pological rings  and  Banach  lattices. 

In  this  paper  the  main  purpose  is  to  study  the  re- 
lationships between  the  topological  properties  and  the  al- 
gebraic properties  of  a topological  lattice.  In  other 
words,  the  topological  properties  of  the  system  as  reflected 
in  its  algebraic  structure  (and  vice  versa)  is  being  inves- 
tigated . 

During  the  past  decade,  topological  lattices  (more 
generally,  partially  ordered  spaces)  have  been  the  object 
of  intense  study.  Some  authors,  for  example,  Anderson  [l, 

3,  13,  19]  and  Wallace  [4,  10],  have  considered  the  charac- 
terization of  locally  compact  topological  lattices  using 
the  codimension  of  Cohen  [20].  These  authors  have  consid- 
ered the  relationship  between  the  number  of  center  elements 
[2]  and  the  codimension  of  a compact  and  connected  topolo- 
gical lattice.  Particularly  interesting  is  Anderson's  re- 
sult which  asserts  that  every  locally  compact  and  connected 
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topological  lattice  of  codimension  less  than  or  equal  to 
one  is  a chain  [l]. 

Other  investigators,  for  example,  Birkhoff  [2], 

Frink  [ 7 ] , Rennie  [23],  and  Ward  [25],  have  published  re- 
sults on  the  interval  and  order  topologies  defined  on  par- 
tially ordered  sets  and  lattices.  Although  it  turns  out 
that  these  induced  topologies  do  not  always  yield  topolo- 
gical lattices,  it  is  nevertheless  of  interest  to  investi- 
gate conditions  under  which  a given  intrinsic  topology 
does  yield  a topological  lattice.  As  we  show  in  Section  III, 
for  example,  a lattice -ordered  group  with  the  chain  condi- 
tion (defined  in  [2])  is  a topological  lattice  in  the  inter- 
val topology  if  and  only  if  it  is  a chain  (i.e.,  it  is  a 
cyclic  group).  Recently,  however,  C.  Holland  [17]  has 
given  an  example  of  a lattice-ordered  group  which  is  both 
a topological  lattice  and  a topological  group  in  the  inter- 
val topology.  The  question  is  still  open  as  to  what  condi- 
tions are  necessary  and  sufficient  for  a lattice -ordered 
group  to  be  a topological  lattice  or  to  be  a topological 
group . 

Section  II  of  this  paper  is  concerned  with,  first, 
the  total  disconnectedness  of  a compact  Boolean  topologi- 
cal lattice.  In  [5],  Kaplansky  proved  that  a compact 
semi -simple  topological  ring  is  iseomorphic  (isomorphic 
and  homeomorphic)  with  a Cartesian  direct  sum  of  finite 
simple  rings;  this  implies  that  any  compact  Boolean  topo- 
logical lattice  is  totally  disconnected. 
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In  the  proof  of  this  theorem,  Kaplansky  used  the 
character  group  in  the  sense  of  a topological  group  (the 
so-called  duality  theorem) . Professor  A.  D.  Wallace  has 
suggested  the  possibility  of  a proof  of  the  latter  theorem 
which  does  not  involve  the  use  of  the  duality  theorem.  In 
this  connection  we  prove  the  following: 

If  L is  a non -degenerate , compact,  connected, 
distributive  topological  lattice,  and  if  every  non-unit 
element  has  a non-zero  disjoint  element  in  L,  then  the  co- 
dimension of  L is  infinite. 

In  the  proof  of  this  theorem,  the  main  tools  are  the 
results  of  Anderson  [l,  3],  Dyer  and  Shields  [14],  and 
Wallace  [ 10 ] . From  the  above  theorem,  it  follows  that  any 
compact  Boolean  topological  lattice  L of  finite  codimension 
is  always  totally  disconnected. 

If  one  is  allowed  to  use  the  duality  theorem,  then 
one  can  replace  the  compactness  hypothesis  in  the  theorem 
by  suitable  local  properties  of  L as  follows:  If  L is  a 

locally  compact  and  locally  convex  [6]  Boolean  topological 
lattice,  then  L is  totally  disconnected. 

In  the  remainder  of  this  section  we  will  exhibit  a 
sufficient  condition  for  a compact  and  complemented  modu- 
lar topological  lattice  to  be  totally  disconnected.  To  do 
so,  we  show  that  any  two  projective  intervals  [2]  in  a 
modular  topological  lattice  are  topologically  equivalent. 
Using  several  lemmas  and  the  results  of  Anderson  [l],  we 
have  the  theorem:  If  L is  a compact  and  complemented 
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modular  topological  lattice,  and  if  (*)  a A L j=  F (a  A L) 
for  all  non-zero  elements  a of  L and  dually,  then  L is 
totally  disconnected  where  F denotes  the  boundary  operator. 
The  condition  (*)  in  this  theorem  may  be  too  strong,  since 
the  author  has  not  yet  been  able  to  demonstrate  the  neces- 
sity of  the  condition  in  such  a topological  lattice. 

In  Section  III  we  investigate  some  of  the  relation- 
ships between  topological  lattices  and  their  intrinsic  to- 
pologies. The  main  results  are:  If  a lattice  L is  Haus- 

dorff  in  the  interval  topology,  denoted  by ,9  > and  if  (L,^) 
is  a topological  lattice  in  the  topology^”,  then  (L ,*J)  is 
compact  if  and  only  if  tf  =$  and  L is  a complete  lattice. 

It  is  also  shown  that  if  a lattice  L is  compact  in  the  or- 
der topology,  denoted  by  O',  and  if  (L ,*J)  is  a compact  to- 
pological lattice,  then  = O'. 

In  [15],  Floyd  has  shown  that  a complete  Boolean 
algebra  is  not  necessarily  Hausdorff  in  the  order  topology. 

In  this  connection,  we  show  that  if  L is  a complete  Boolean 
algebra  and  if  either  the  meet  lattice  operation  or  the  join 
lattice  operation  of  L is  continuous  in  the  order  topology  O', 
then  L is  Hausdorff  in  O'  and,  hence,  L is  a topological 
lattice  in  O'. 

In  addition,  using  the  results  of  Birkhoff  [2]  and 
Baer  [9],  we  have  shown,  as  stated  before,  that  among  the 
non -degenerate  lattice -ordered  groups  satisfying  the  chain 
condition,  the  only  topological  lattices  are  chains.  It  is 
also  shown  that  if  L is  a complete  lattice -ordered  group, 
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then  L is  discrete  in  its  order  topology  if  and  only  if  L 
has  the  chain  condition. 

In  Section  IV  another  method  of  proving  Wallace's 
conjecture,  which  appeared  in  [10]  and  [3],  will  be  demon- 
strated and  the  representation  theorems  of  a distributive 
topological  lattice  will  also  be  considered.  In  fact,  a 
topological  lattice  is  characterized  as  follows: 

A topological  lattice  L with  0 and  1 is  iseo- 
morphic  with  an  n-cell  if  and  only  if  L is  distributive  and 
contains  n independent  elements  x^  [2]  over  0,  whose  union 
is  1,  such  that  each  x^A  L is  a separable  connected  locally 
convex  chain. 

This  theorem  generalizes  somewhat  a result  of  Ander- 
son [ 13  ] . 

In  addition,  several  structure  theorems  of  compact 
topological  lattices  are  proved.  Among  them  is  the  result 
that  if  L is  a locally  compact  and  chain-wise  connected 
distributive  topological  lattice  with  0 and  1,  the  follow- 
ing are  equivalent: 

(i)  Ca(L)  = cd(L)  = n,  where  Ca(L)  is  the 
number  of  all  atoms  in  the  center  of  L, 

(ii)  Ca(L)  = n and  for  each  atom  x^  of  the 
center  in  L,  x^A  L is  a chain,  and 

(iii)  L is  iseomorphic  with  n Cartesian  pro- 
ducts of  compact  connected  chains. 

After  introducing  the  definition  of  the  finite  ordi- 
nal sum  of  topological  lattices  with  0 and  1,  it  can  be 
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shown  that  if  L is  a compact  connected  distributive  topolo- 
gical lattice,  then  L is  iseomorphic  with  a finite  ordinal 
sum  of  finite  Cartesian  products  of  compact  and  connected 
chains  if  and  only  if  there  exists  a finite  chain: 

0 = < a,  < . . . < a = 1 of  cut  points  a. , a . of 

o 1 n 1 ’ ’ n-1 

L such  that  Card  (Cen[ai_1 , a^)  :>  Card(Cen[c,d] ) for  any 
pair  of  c and  d with  ^ csdsa.^,  i = 1,  2,  n. 

Finally,  it  is  also  shown  that  if  L is  a locally 
compact  and  connected  topological  lattice  and  if  L is  a 
union  of  a countable  family  of  closed  connected  chains, 
then  Jj  is  a chain. 


SECTION  II 


TOTAL  DISCONNECTEDNESS 
IN  A COMPACT  TOPOLOGICAL  LATTICE 

We  review  some  definition,  notation,  and  prelimi- 

\ 

nary  results  which  will  be  needed  in  the  sequel. 

The  lattice  operations  of  join  and  meet  are  desig- 
nated by  v and  A,  respectively.  We  use  the  symbols  0 and  1 
to  denote  the  zero  and  unit  in  a lattice  or  in  a Boolean 
algebra.  Set  operations  are  indicated  by  rounded  symbols: 
D,  U and  c stand  for  intersection,  union  and  inclusion, 
respectively.  The  empty  set  is  denoted  by  □. 

We  define  a topological  lattice  to  be  a pair  (L,3”  ) 
where  L is  a lattice  with  two  operation  A and  V,  and  is  a 
Hausdorff  topological  space  under  the  topology  ojr  such  that 
V : L X L — > L and  A ; L x L — » L 
are  continuous  mappings.  We  agree  to  write  v(x,y)  = x V y 
and  A(x,y)  = x A y for  all  x and  y in  L. 

For  a pair  of  subsets  A and  B of  L,  we  shall  use 
A A B and  A v B to  denote  the  sets  {a  A b)a  € A and  b £ B] 
and  [a  v bja  £ A and  b 6 B],  respectively.  For  a subset  A 
of  L,  A*,  A°  and  F(A)  denote  the  closure,  the  interior,  and 
the  boundary  of  A,  respectively.  The  subset  A of  a topolo- 
gical space  L is  a retra ct  of  L if  there  is  a continuous 
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mapping  f of  L into  A such  that  f|A  (the  restriction  of  f 
on  A)  is  the  identity. 

(2.1)  Lemma . If  L is  a topological  lattice,  then 
a A L and  a v L are  closed  subsets  in  L for  all  a 6 L. 

Proof . We  show  that  a A L is  closed.  Define  a map- 
ping f of  L into  a A L by  f(x)  = a A x.  By  the  definition 
of  a topological  lattice,  f is  continuous.  Since  x £ a A L 
implies  that  f(x)  = a ax  = x,  we  have  that  f|a  A L is  the 
identity.  So  aAL  is  a retract  of  L.  It  is  well  known 
that  every  retract  of  a Hausdorff  space  is  closed.  There- 
fore, a A L is  closed  in  L for  all  a £ L.  Dually,  we  have 
that  a v L is  closed. 

A more  general  form  of  the  above  lemma  appears  in 
[ 1 ] : if  L is  a topological  lattice  and  if  A is  a compact 

subset  of  L,  then  AAL  and  A V L are  closed. 

If  L is  a topological  lattice  with  zero  element  0 
and  if  x and  y are  such  elements  of  L that  x A y = 0,  then 
x and  y are  termed  disjoint  e lements . 

If  L is  a topological  lattice,  we  say  that  A <z  L is 
convex  provided  x £ y <;  z implies  y $ A if  x and  z are  in  A. 
Anderson  [l]  has  shown  that  A is  convex  if  and  only  if 
A = (A  A L)  (j  (A  V L)  , where  (A  A L)  (j  (Av  L)  is  denoted 
by  C (A) , and  has  shown  that 

(i)  C(A)  is  the  smallest  convex  set  contain- 


ing A. 


(ii) 

(iii) 


If  A is  compact,  then  C(A)  is  closed. 
If  A is  open,  then  C(A)  is  open. 
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(iv)  If  A is  convex,  then  A°  is  convex. 

(v)  If  A is  connected,  then  C(A)  is  con- 
nected . 

Let  L be  a lattice.  The  breadth  [2]  of  L,  denoted 
by  Br(L),  is  the  smallest  integer  n such  that  any  finite 
subset  F of  L has  a subset  F1  of,  at  most,  n elements  such 
that  Inf . F = Inf  F ' . 

Hn(X)  will  denote  the  n-dimensional  Alexander- 
Kolmogroff  cohomology  group  of  the  topological  space  X with 
coefficients  in  some  non-trivial  additive  abelian  group  G 
[24,  25].  We  define  X € F ^(G)  if  and  only  if  X = Q , and 
X 6 Dn(G)  for  n s 0 if  and  only  if  X is  a locally  compact 
Hausdorff  space  such  that  if  A c x is  compact,  if  B = B*  c A, 
and  if  the  inclusion  mapping  i : B c:  A,  then  the  induced 
mapping  i*  : Hn(A)  ->  Hn(B)  is  an  epimorphism.  The  greatest 
lower  bound  of  [n|x  € Dn(G)}  is  called  the  codimension  of 
the  space  X,  denoted  by  cd(X) . 

Now  we  shall  prove  the  following  theorem: 

(2.2)  Theorem.  If  L is  a non -degenerate  compact 
and  connected  distributive  topological  lattice,  and  if 
every  non-unit  element  has  a non-zero  disjoint  element  in 
L,  then  the  codimension  of  L is  infinite. 

Before  the  proof  of  the  theorem,  we  review  some 
theorems  which  will  be  needed  in  the  proof. 

The  following  theorem  is  due  to  E.  Dyer  and  A. 


Shields  [14]: 
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(2.3)  Theorem.  If  L is  a compact  distributive 
topological  lattice  of  finite  breadth  and  U is  a neighbor- 
hood of  a point  x € L,  then  there  is  a convex  set  C = 

{a|y  £ a ^ z]  that  is  a neighborhood  of  x which  lies  in  U. 

We  also  use  the  following  results  of  L.  Anderson 

[1,  3]. 

(2.4)  Lemma . If  L is  a connected  topological  lat- 
tice and  if  a 6 L,  then 

a A [L \(a  A L)  ] c F(a  A L)  , and  dually. 

(2.5)  Corollary . If  L is  a locally  compact,  chain- 
wise  connected  distributive  topological  lattice,  then 

Br(L)  cd(L)  , where  if  L is  a topological  lattice,  then  L 
is  chain -wise  connected  if  for  each  pair  of  elements  x and 
y in  L with  x 5 y there  is  a closed  connected  chain  from 
x to  y.  It  is  well  known  that  a compact  connected  topolo- 
gical lattice  is  chain-wise  connected. 

A.  D.  Wallace  [ 10 ] has  shown: 

(2.6)  Theorem.  If  L is  a compact  topological  lat- 
tice, then  L has  0 and  1. 

Proof  of  Theorem  (2.2).  Suppose  that  cd(L)  is  fi- 
nite. Since  L is  a compact  connected  topological  lattice, 

L is  locally  compact  and  chain-wise  connected.  Therefore, 
by  Corollary  (2.5)  we  have  Br(L)  ^ cd(L),  which  implies 
Br (L)  is  also  finite.  According  to  (2.6),  L has  a zero 
element  0 and  a unit  1,  and  we  can  find  a neighborhood  U 
of  0 such  that  1 ^ U.  Now  by  (2.3)  there  exists  a closed 

interval  C = fxly  ^ x ^ z]  that  is  a neighborhood  of  0 
y z c J 
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which  lies  in  U.  However,  0 6 C implies  y = 0.  There  - 

y i 2 

fore,  Cy  z = C0jZ  = za  L. 

Since  z A L is  a neighborhood  of  0,  there  exists  an 

open  neighborhood  V of  0 such  that  0 £ V c C = z A L <z  U 

o , z 

Suppose  z = 0.  We  then  have  C = {0}  = V.  Therefore,  fO] 

o,  z ^ 

is  an  open  subset,  i.e.,  {0}  is  closed  and  open  in  L,  which 
is  a contradiction  because  L is  non -degenerate  and  connected. 
Hence,  z > 0 and  z ^ 1 since  z £ U and  1 <£  u. 

Now  we  apply  Lemma  (2.4).  For  the  element  z > 0, 

2 A [l\(z  A L) ] C F (z  A L)  = z A l\(z  A L)°. 

By  hypothesis  there  exists  a non-zero  disjoint  element  u of 
z since  z j=  1.  We  claim  that  u £ l\(z  a L)  . Indeed,  if 
u € z a L,  then  u ^ z,  i.e.,  za  u = u=(=0,  which  is  a con- 
tradiction because  z A u = 0.  Therefore,  we  have 
0=ZA  U6  ZA  [ L \(z  A L)  ] C F(z  A L) 
and  it  follows  that  0 (jj  (z  A L)°.  On  the  other  hand, 

0 € V c CQ,Z  = z A L.  Thus,  0 £ (zA  L)°.  So  we  have  a 
contradiction.  Hence,  cd(L)  is  not  finite. 

Immediately  we  have  the  following  corollary: 

(2.7)  Corollary . If  L is  a non -degenerate  compact 

connected  topological  Boolean  lattice,  then  cd(L)  is  in- 
finite . 

We  recall  that  an  element  a of  a lattice  L is  neu- 
tral if  and  only  if  every  triple  {a,  x,  y}  generates  a dis- 
tributive sub-lattice  of  L and  we  also  recall  that  an  ele- 
ment a center  element  if  and  only  if  it  is  neutral  and  com- 
plemented in  L.  We  shall  write  Cen(L)  = {x  £ L|x  is  a 


12 


center  element}  and  read  "the  center  of  L."  Clearly,  if 
L is  a distributive  lattice  with  0 and  1,  then  the  center 
of  L is  the  set  of  all  x £ L such  that  for  some  y £ L, 
x A y — 0 and  x v y = 1.  Also,  if  x £ Cen(L) , then  there 
is  a unique  complemented  element  of  x. 

In  [10],  A.  D.  Wallace  conjectured  that  the  center 
of  a compact  connected  topological  lattice  of  dimension  n 
contains  at  most  2n  elements. 

Anderson  established  the  validity  of  the  conjecture 
[3]  in  the  following: 

(2*®)  Corollary . If  L is  a compact  connected  dis- 
tributive topological  lattice  and  if  cd(L)  = n,  then 
Card (Cen (L)  ) <:  2n. 

It  is  now  clear  that  Corollary  (2.7)  follows  from 
Anderson's  result.  For,  if  L is  a non -degenerate  compact 
connected  Boolean  topological  lattice  of  dimension  n,  we 
know  from  (2.8)  that  Card  (Cen(L))  ^ 2 . But  every  element 
of  a Boolean  lattice  is  complemented;  hence,  L = Cen(L), 
and  therefore  L is  finite.  But  L was  assumed  to  be  non- 
degenerate, Hausdorff,  and  connected,  and  is  consequently 
infinite,  a contradiction. 

In  1947  I.  Kaplansky  [5]  showed  that: 

(2*9)  Theorem.  A compact  semi -simple  topological 
ring  is  iseomorphic  (isomorphic  and  homeomorphic)  with  a 
Cartesian  direct  sum  of  finite  simple  rings. 

A subset  S of  a topological  ring  A is  right  bounded 
if  for  any  neighborhood  of  the  zero  0 of  A there  exists  a 
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neighborhood  V such  that  VS  C U where  VS  = [vs|v  € V and 
s € S]  . 

In  the  proof  of  Theorem  (2.9),  Kaplansky  used  the 
following  lemma: 

(2.10)  Lemma . If  C is  the  component  of  0 in  a 
right  bounded  locally  compact  topological  ring  A,  then 
CA  = {0}. 

This  lemma  has  been  proved  by  using  a character 
group  in  the  sense  of  topological  groups. 

It  is  well  known  that  a Boolean  topological  lattice 
becomes  a topological  ring  under  the  operations  of  addi- 
tion and  multiplication  defined  as  follows: 

x»y  = x A y and  x + y = (x  A c(y))  V (c(x)  A y) 
Moreover,  the  ring  is  idempotent . It  is  easy  to  show  that 
this  ring  is  always  semi -simple  and  is  simple  if  and  only 
if  the  Boolean  lattice  is  the  Boolean  algebra  (denoted  by 
2)  consisting  of  the  two  elements  0 and  1. 

For  these  reasons,  Theorem  (2.9)  implies  the  follow- 
ing theorem: 

(2.11)  Theorem.  If  L is  a compact  Boolean  topolo- 
gical lattice,  then  L is  iseomorphic  to  a Cartesian  direct 
sum  of  the  Boolean  algebras  2,  where  2 has  the  discrete  to- 
pology . 

Since  the  Cartesian  direct  sum  (product)  of  totally 
disconnected  spaces  is  totally  disconnected,  and  2 is  total 
ly  disconnected,  Theorem  (2.11)  implies  that  any  compact 
Boolean  topological  lattice  is  totally  disconnected. 
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Professor  A.  D.  Wallace  has  suggested  the  possibi- 
lity of  a proof  of  this  theorem  which  does  not  involve  the 
use  of  duality  theorems  in  the  sense  of  topological  groups. 
In  this  connection,  we  prove  the  following: 

(2.12)  Corollary . Any  compact  Boolean  topological 
lattice  of  finite  codimension  is  totally  disconnected. 

Proof . Let  L be  a compact  Boolean  topological  lat- 
tice of  finite  codimension  and  let  C be  the  component  of  0. 
Now  if  x 6 C,  we  have  0 6 x a C and  x A C is  connected; 
hence,  x A c c:  C and  therefore  C A c c C.  Dually, 

C v C c C,  and  since  components  are  closed,  we  have  that 
C is  a compact  sub-lattice  of  L. 

By  (2.6),  C has  a maximal  element  m.  We  show 
C = m A L.  That  C c m A L is  obvious.  If  x 6 m A L,  then 
x A C is  connected  and  0 € x A C.  Sox=xAm£xACcC 
and  hence  m a L c C. 

It  is  known  that  any  Boolean  lattice  is  relatively 
complemented.  So  a closed  interval  C = m a L is  a compact 
connected  Boolean  topological  lattice  under  its  relative 
topology.  It  is  also  true  that  if  X is  a topological  space 
with  cd(X)  = n and  if  C is  either  an  open  or  a closed  sub- 
set of  X,  then  cd(C)  £ n [22],  Therefore,  C is  a compact 
connected  Boolean  topological  lattice  of  finite  codimension. 
By  (2.7),  our  only  possibility  is  that  C consists  of  the 
single  element  0.  Since  L is  a topological  group,  it  is 
homogeneous,  and  hence  L is  totally  disconnected,  which 
completes  the  proof. 
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If  we  are  allowed  to  use  the  duality  theorem,  we  can 
replace  the  compactness  hypothesis  in  Theorem  (2.9)  by  suit 
able  local  properties  of  L. 

We  recall  that  if  L is  a topological  lattice  and  if 
for  an  arbitrary  neighborhood  U of  an  element  x in  L there 
exists  a convex  open  neighborhood  V of  x such  that  V c U, 
then  L is  called  locally  convex . In  other  words,  the  set 
of  convex  open  neighborhoods  of  each  point  of  L is  a base 
for  the  neighborhood  system  of  this  point  [6]. 

(2.13)  Lemma . If  L is  a Boolean  topological  lat- 
tice and  if  L is  locally  convex,  then  L is  bounded. 

Proof . Let  U be  a neighborhood  of  0.  Then  there 
exists  a locally  convex  open  neighborhood  V of  0 such  that 
V c U.  Clearly,  by  the  convexity  of  V,  V A L c V because 
if  v A x £ v A L,  then  0 ^ v a x £ v implies  v a x £ V. 
Hence,  V A L c U.  Since  the  operation  A is  the  multipli- 
cative operation  in  the  Boolean  ring,  L is  bounded. 

(2.14)  Theorem.  If  L is  a locally  compact  and  lo- 
cally convex  Boolean  topological  lattice,  then  L is  totally 
disconnected. 

Proof . By  Lemma  (2.13) , L is  bounded.  By  Lemma 
(2.10),  if  C is  the  component  of  0,  then  CAl={0}.  If 
x € C,  then  x =x  ax  £ C AL  = {0};  hence,  x = 0,  i.e., 

C = {0}.  But  L is  still  a topological  group,  and  hence, 

L is  totally  disconnected. 

A lattice  L is  modular  if  and  only  if  b £ a implies 
b v (x  A a)  = (b  v x)  A a for  all  elements  x £ L. 
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We  now  exhibit  a sufficient  condition  for  a compact 
complemented  modular  topological  lattice  to  be  totally  dis- 
connected. 

In  a lattice,  two  closed  intervals  [a  a b,  a]  and 
[b,  a v b]  are  called  transposes  of  each  other  [2],  Two 
closed  intervals,  [a,b]  and  [c,d],  are  projective  [2]  if 
and  only  if  there  exists  a finite  number  of  closed  inter- 
vals [x^,y^]  such  that  >Y ] and  [x^,y^]  are  trans- 

poses, i = 1,  2,  — , n,  where  [a,b]  = [xq , y ] and 
[ xn  » Yn ] ^ [ c , d ] . 

(2.15)  Lemma . If  L is  a modular  topological  lat- 
tice, then  any  pair  of  projective  intervals  are  topologi- 
cally equivalent. 

Proof..  We  need  to  prove  only  that  two  transposes 
[a  A b,  a]  and  [b,  a v b]  are  topologically  equivalent. 
Define  a mapping  f from  [a  a b,  a]  into  [b,  a v b]  by 
f(x)  = x V b,  and  define  a mapping  g from  [b,  a v b]  into 
[a  a b,  a]  by  g(x)  = a a y.  Clearly,  f and  g are  both  con- 
tinuous. We  show  that  g = f i.e.,  fg  and  gf  are  identi- 
ties. In  fact,  for  an  element  y of  [b,  a v b] 

fg(y)  = f (a  a y)  = b v (a  a y) . 

By  the  modularity  of  L,  we  have  fg(y)  = y for  all 

y € [b,  a v b].  Similarly,  gf  is  the  identity.  Hence,  the 
proof  is  complete . 

(2.16)  Lemma . In  a topological  lattice  with  0,  the 
following  are  equivalent: 


I 
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(i)  a A l =f=  F (a  a L) 

(ii)  (a  A L)°  f □ 

( iii)  0 6 (a  a L)° 

and  dually. 

Proof . (i)  ->  (ii)  is  obvious  because  a a L is  closed. 

(ii)  ->  (iii):  Anderson  has  shown  [l]  that  in 

a topological  lattice  (.a  A L)  V F(a  A L)  = F (a  A L)  for  all 
a g L.  Suppose  that  there  exists  an  element  x such  that 
x € (a  a L)  and  0 £ (a  a L)°.  It  follows  that  0 g F(a  a L) 
because  0 € a A L.  However,  x = x V 0 6 (a  A L)  V F(a  A L) 

= F(a  A L) , which  is  a contradiction.  Hence,  0 6 (a  a L)°. 

(iii)  ->  (i)  is  trivial  since  0 £ F(a  a L) ; and 

dually. 

For  each  element  x of  a topological  lattice  L with 
0 and  1 we  define  M(x)  and  L(x)  to  be,  respectively, 

M(x)  = x v L(=[x,lJ)  and  L(x)  = x a L(=[0,x]). 

If  L is  a compact  complemented  modular  topological  lattice, 
then  clearly  each  of  the  sub-lattices  M(x)  and  L(x)  is  also 
a compact  complemented  modular  topological  lattice  in  its 
relative  topology. 

If  A and  B are  subsets  of  M(x)  and  L(x) , respective- 
ly, we  use  Fm(A)  and  Fl(B)  to  denote  the  relative  bound- 
aries of  A and  B,  and  for  p 6 M(x)  (p  6 L(x) ) we  note  that 
p A M(x)  = [ x , p ] (p  V L(x)  = [p,x]). 

(2.17)  Lemma . If  L is  a compact  complemented  mod- 
ular topological  lattice  and  if  for  every  non-zero  element 
a of  L a A L f F(a  A L)  and  dually,  then  for  every  non -unit 
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element  x and  every  element  p(=j=x)  of  M(x)  , p a M(x)  ^ 

FM(P  a M(x))  and  dually. 

Proof_.  Since  x is  not  the  unit  element  of  L,  a com- 
plement y of  x is  not  the  zero  element.  Hence,  the  two 
closed  intervals  [0,y]  and  [x,l]  are  transposes.  So,  by 
Lemma  (2.15),  [0,y]  and  [x,l]  are  topologically  equivalent 
under  the  mapping  f:  [0,y]  [x,l]  defined  by  f(a)  = a v x. 

Now  if  p € M(x)\x  and  u 6 [o,p  A y],  then  f(u)  = u v x 6 
[x,p],  since  x £ x v u £ x v (p  A y)  £ p;  therefore, 
f([0,p  A y])  c [x,p].  Conversely,  if  z 6 [x,p],  then 
f(yAz)  =xv  (yAz)  = z by  the  modularity  of  L,  and 
therefore,  y A z € [0,p  A y].  Hence,  f([0,p  a y])  = [x,p]. 

Since  p =f=  x and  p is  the  image  of  p a y under  f,  we 
have  P A y f=  0.  Now  ( (p  A y)  A L)°  =)=□  in  L by  hypothesis 
and  Lemma  (2.16).  Therefore,  ( (p  A y)  A L)°  f=  □ in  [0,y]. 
Thus,  [0,p  a y]  = (pAy)  aL  implies  (f([0,p  A y]))°  ^ □ 
m M(x)  (=[x,lj).  Applying  Lemma  (2.16)  to  M(x) , we  have 
that  in  M(x)  , p A M(x)  FM(p  A M(x))  for  each  p(^=x)  6 M(x)  . 
Dually,  in  L(x)  , q v L(x)  f=  F^(  q V L(x))  for  each  q(fx)  6 
L(x) . Thus  the  proof  is  complete. 

(2.18)  Lemma . If  L is  a compact  complemented  modu- 
lar topological  lattice  and  if  for  every  non-zero  element 
a of  L,  a A L ^ F (a  A L)  and  dually,  then  the  components 
of  the  zero  and  the  unit  consist  of  the  single  elements  {0} 
and  [1],  respectively. 


Proo^.  Let  C be  the  component  of  0.  We  have  al- 
ready shown  that  C is  a compact  topological  lattice  in  its 
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relative  topology,  and  C = p A L,  where  p is  the  maximal 
element  of  C.  Therefore,  C is  also  a connected  comple- 
mented topological  lattice  in  its  relative  topology  since 
any  sub-lattice  of  a complemented  modular  lattice  is  also 
relatively  complemented. 

Suppose  p ^ 0.  Since  there  exists  an  arc  from  p to 
0,  we  can  find  an  element  a such  that  0 < a < p.  Applying 
Lemma  (2.4)  to  C we  have  that  a 6 C implies  a A [C  \(a  A C)  ] 
c Fc(a  a C) . Let  b be  a relative  complemented  element  of 
a in  C = [ 0 ,p ] , i.e.,  a Ab=0  and  a v b = p.  Thus  b f 0 
because  b = 0 implies  a v b = a = p.  Therefore,  b 6 c\a  A C, 
since  if  b 6 a AC,  we  have  b £ a,  i.e.,  b Aa  = b =J=  0, 
which  is  a contradiction.  Consequently, 

0=aAb6aA  [c\a  A C]  c Fc(a  A c) 
which  implies  0 ^ (a  A c)°.  On  the  other  hand,  by  hypoth- 
esis 0 6 [0,a]°  = (a  A C)°,  which  is  a contradiction.  Hence, 
p must  be  the  zero.  It  follows  that  C consists  of  the 
single  element  0. 

Dually,  the  component  of  1 consists  of  the  single 
element  1. 

Now  we  prove  the  following  theorem: 

(2.19)  Theorem.  If  L is  a compact  complemented 
modular  topological  lattice  and  if  a a L =(=  F (a  a L)  for 
all  non-zero  elements  a of  L and  dually,  then  L is  totally 
disconnected. 

Proof . By  applying  Lemma  (2.18)  to  M(x)  (x^l)  and 
L(y)  (y^O) , the  components  of  x and  y in  M(x)  and  L(y)  are 
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the  singletons  {x}  and  {y},  respectively. 

Now  consider  the  component  E of  x in  L where  x f 1 
and  x f 0.  We  claim  that  Ex  n (x  V L)  = {x}  and  Ex  n (x  A L) 
- {x} . In  fact,  if  y 6 Ex  n (x  v L)  and  y ={=  x,  then  y < x. 
Since  Ex  is  connected,  x v Ex  is  connected  and  contains 
both  x and  y.  On  the  other  hand,  x v Ex  c x v LcM(x), 
which  is  a contradiction.  Hence  E (1  (x  v L)  = {x}.  Dual- 
ly>  Ex  n (x  A L)  = {x}.  Consequently,  E consists  of  in- 

A 

comparable  elements  of  L.  For,  if  a and  b are  in  E and  if 

X 

a s b,  then  Ex  = Ea  = Efe.  Since  x and  a are  incomparable, 
a is  neither  the  zero  nor  the  unit  element  of  L.  Clearly, 

b ^ Eb  H (a  v L)  = Ea  fl  (a  v L)  = {a}.  Therefore,  we  have 
a = b.  i 

Now  we  will  show  that  Ex  consists  of  the  singleton 
{x}  in  L.  Suppose  Card(E  ) >1.  It  follows  that  there 

A 

exists  an  element  a of  Ex  such  that  a and  x are  incompar- 
able, and  hence,  x v a 4=  a,  i.e.,  xva  >a.  Since  x v E 

x 

is  a connected  set  containing  x,  x v E c E . However, 

X x 

xva  6xvExcEx,  which  is  contrary  to  the  fact  that  E 

X 

consists  of  incomparable  elements.  Hence,  E = {x}  for 
all  non— zero  non— unit  elements  x of  L.  For  the  zero  and 
the  unit  elements  we  have  already  shown  in  (2.18)  that  their 
components  consist  of  the  singletons  {0}  and  {1},  respect- 
ively. Hence,  the  proof  is  complete. 


SECTION  III 


TOPOLOGICAL  LATTICES  AND  INTRINSIC  TOPOLOGIES 

In  this  section  we  study  some  of  the  relationships 
between  topological  lattices  and  their  intrinsic  topolo- 
gies; for  example,  the  interval  topology  and  the  order  to- 
pology. 

By  the  interval  topology  of  a partially  ordered  set 
L,  denoted  by  $ , we  mean  that  topology  defined  by  taking 
the  closed  intervals  {[-°°,a],  [a,oo]|a  € L]  as  a sub-base 
for  the  closed  sets  [2],  where 

[-<», a]  = {x|x  6 L and  x £ a},  [a,co]  = {x|x  £ L and  a £ x}. 
Clearly,  if  L is  a lattice,  then  [-00, a]  = a A L and  [a,co] 

= a v L.  1 

The  interval  topology  has  been  investigated  by  many 
authors,  mainly  Birkhoff  [2],  Frink  [7],  Northam  [8],  Ward 
[25],  Baer  [9],  and  Holland  [ 17 ] . 

The  following  lemma  will  be  needed  in  the  sequel: 

(3.1)  Lemma . If  (L,CT)  is  a compact  topological 
lattice,  then  L is  a complete  lattice. 

Proof_.  By  Lemma  (2.1)  all  closed  intervals  a a L 
and  a v L are  closed  in  the  topology  tf  • It  follows  from 
the  definition  of  interval  topology  that  3 cz  , which  means 


21 


22 


that  every  subset  closed  with  respect  to  3 is  always  a sub- 
set closed  with  respect  to?f.  Since  is  compact,  it  is 
not  difficult  to  see  that  3 is  also  compact.  However, 

Frink  [7]  and  Ward  [25]  have  shown  that  3 is  compact  if 
and  only  if  L is  a complete  lattice.  Hence,  the  conclusion 
follows  immediately. 

(3.2)  Theorem.  Let  L be  Hausdorff  in  3 and  let 
(I^tT)  be  a topological  lattice.  (L,tT)  is  compact  if  and 
only  if  Zf  = 3 and  L is  a complete  lattice. 

Proof,.  Suppose  that  (L,^")  is  compact.  By  (3.1), 
the  topologies  $ and  3 are  both  compact  and  Hausdorff.  Now 
consider  the  inclusion  mapping  i : (L^")  ->  (L,^).  Clearly 
i is  continuous  and  onto  since  3 c tf . Therefore,  it  fol- 
lows that ; i is  a homeomorphism . Hence  = $ , Again,  by 
(3.1),  L is  a complete  lattice. 

Conversely,  suppose  that  — 3 and  L is  a complete 
lattice.  It  follows  from  the  results  of  Frink  and  Ward 
that  3 xs  compact.  So  tf  is  compact,  i.e.,  (L.t)')  is  a com- 
pact topological  lattice. 

Let  L be  a lattice  with  0.  L is  atomic  if  and  only 
if  for  every  non -zero  element  x of  L there  exists  an  ele- 
ment p of  L such  that  x s p and  p covers  0,  where  by  p 
covers  0 we  mean  that  there  is  no  element  q such  that 
p > q > 0.  Such  an  element  p is  called  an  atom  of  L.  A 
subset  M of  a lattice  L is  an  ideal  of  L if  and  only  if 
Mfn,MvMcMandMALcM.  A dual-ideal  M of  L means 
that  M^QjMaMcM  and  M v L <z  M. 
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(3.3)  Corollary.  If  L is  a topological  lattice 
with  0 and  if  every  maximal  dual  ideal  is  compact,  then 
L is  atomic. 

Proof.  Let  x be  a non -zero  element  of  L.  By  the 
Hausdorff  Maximality  Principal,  there  is  a maximal  dual 
ideal  M containing  x.  Since  M is  a compact  topological 
lattice  in  its  relative  topology,  M has  its  zero  element  p. 
If  p = 0,  M = L because  a=0va  £ M v L c M for  all  a € L. 

Hence,  p ^ 0 . Furthermore,  there  is  no  element  q of  L such 

that  0 < q < p,  for  otherwise,  we  have  a dual  ideal  q v L 

such  that  ,q  v L =)  M and  M |=  q v L |=  L,  which  is  a contra- 

diction. Hence,  L is  atomic. 

Now  we  define  the  order  topology  of  a complete  lat- 
tice. A directed  set  is  a pair  (D,s)  such  that  D is  a 
non-void  set  with  a binary  relation  s which  is  transitive, 
reflexive,  and  if  a and  3 are  members  of  D,  then  there 
exists  a y in  D such  that  y ^ cc  and  y s j3 . 

fx  |a  6 D]  is  a net  in  a set  A if  and  only  if  D is 

a J 

a directed  set  and  x 6 A for  all  a 6 D. 

a 

Let  (xa|cc  ( D]  be  a net  in  a complete  lattice  L. 

We  say  that  x^  order -converges  to  an  element  a of  L if 

InfalSuEW  V = SupatInfS=a  V = a' 
setting  ua  = Sup^  xp  and  „a  = Inf ^ we  know  that  xa 

order-converges  to  a if  and  only  if  there  exist  a monotone 

decreasing  net  fu  la  6 D]  with  Inf  u = a and  a monotone 

increasing  net  {v  |a  € D}  with  Sup  v = a such  that 

CO  CL  CL 

v £ x £ u for  all  a € D. 
a a a 
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We  define  a subset  M of  a complete  lattice  L to  be 

closed  in  the  order  topology  of  L,  denoted  by  &,  if  and 

only  if  fx  la  £ D]  is  a net  in  M and  (x  I a € D}  order- 
J L a 1 a, 

converges  to  a implies  that  a £ M. 

It  is  well  known  that  any  order  topology  has  the 
T^-separation  property,  and  3 c Qf,  where  3 is  the  interval 
topology  of  L.  It  is  also  well  known  [6]  that  any  compact 
partially  ordered  topological  space  is  locally  convex, 
which  means  that  the  set  of  convex  neighborhoods  of  each 
point  of  the  space  is  a base  for  the  neighborhood  system 
of  this  point.  And  it  is  also  known  that  any  topological 
lattice  is  a continuous  partially  ordered  topological 
space  [ 11,  12 , 13] . 

Now  we  shall  prove  the  following  lemma: 

(3.4)  Lemma . If  (L,^)  is  a compact  topological 
lattice,  and  if  [x^ja  6 D]  is  a monotone  decreasing  (or  in- 
creasing) net  in  L with  Inf  D x^  = a (or  Supa^D  x^  = a)  , 

then  the  net  fx  la  € D}  converges  to  a in  Zf . 

L a 1 

Proof.  Let  fx  |a  £ D]  be  a monotone  decreasing  net 
a 1 

with  Inf  ^ x = a.  Suppose  that  there  exists  an  open 
a€D  a 

neighborhood  U of  a such  that  x ^ U for  all  a 6 D.  Since 

cc 

a v L is  closed,  (a  v L)\U  is  closed.  Inf  ^ x^  = a im- 
plies x 2:  a for  all  a 6 D.  So  x £ (a  v L)\u  for  all 

c a a 

a € D-  Consider  the  family 

{(xa  A L)  n [(a  A L)\U]|a  € D}. 

Since  x € (x  A L)  n [ (a  A L)\u],  each  member  of  the  fami- 

a a 

ly  is  not  empty.  We  now  show  that  the  family  has  the  finite 
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intersection  property.  In  fact,  for  an  arbitrary  finite 

subset  F = {p,  q,  t}  in  D,  there  exists  0 6 D such 

that  {3  ^ p,  ...»  g s t in  D.  By  hypothesis,  the  net 

[x  |a  € D]  is  monotone  decreasing,  and  hence,  x £ x , 
a 1 P P 

x s:  x,  . Therefore,  it  follows  that  x A l c x An 
3 t P P 

. . . , x A L c x A L,  and  so 
P t 

□ t (x  A L)  n [ (a  V L)  \u]  C nrgF  (xr  a L)  n [ (a  V L)  \u]  . 
Since  L is  compact,  there  exists  an  element  b such  that 


b € na€D  A L)  n t(a  V L)\u]}. 


a 


Thus,  b £ x for  all  a £ D,  hence,  b £ Inf  x = a. 
a a a 

However,  b $ (a  v L)\U  implies  b s a.  Hence,  a = b.  This 

is  a contradiction.  Thus,  x $ U for  some  a e D. 

a 

Using  the  above  argument,  we  may  assume  that  the 
neighborhood  U of  a is  convex,  since  L is  compact  and  hence, 
locally  convex.  It  follows  that  x^  € U for  all  3 ;>  a be- 
cause x e U and  a <;  x <;  x for  all  3 ;>  a.  Therefore, 

CC  p cc 

[x^la  € D}  converges  to  a.  Dually,  we  can  show  that  any 

monotone  increasing  net  {x  |a  € D]  with  Sup  x = a con- 

a 1 J a a 

verges  to  a.  Thus,  the  proof  is  complete. 

(3.5)  Lemma . If  (L,^ ) is  a compact  topological 
lattice , then  fr<=0\ 

Proof.  Suppose  that  a net  {x^Jcc  £ D]  in  L order- 

converges  to  an  element  a of  L,  i.e., 

Sup  [Inf  xo}  = Inf  ( Sup.  x„}  = a. 
cc  p^a  3 J a1  psa  pJ 

Setting  v = Inf  xo  and  u = Sup„  x„,  we  have  that 
a psa  3 a psa  3 

^ x^  £ u^  for  all  a € D,  and  {v^Ja  6 D } and  {u^jcc  € D] 
are  monotone  increasing  and  decreasing  nets  with  Sup^  v^  = a 
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and  Inf^  ua  = a,  respectively. 

It  follows  by  (3.4)  that  both  nets  [u  |a  € D]  and 

{u  |a  6 D}  converge  to  a in^”.  Therefore,  for  an  arbitrary 
cc 

convex  neighborhood  U of  a there  exist  a and  p in  D such 

that  v and  u are  elements  of  U.  Since  v.  and  u.  are 
a p 6 6 

elements  of  U for  all  6 s a and  6^3,  if  we  take  an  ele- 
ment y £ E>  such  that  y s a and  y a p in  D,  then  v^  and  u^ 

are  elements  of  U.  Hence,  we  have  x.  6 U for  all  6 s y 

6 

since  u £ x £ u . So  it  follows  that  fx  la  € D]  con- 
y y y a 1 

verges  to  a in  tT  • Hence,  we  have  & c Qr.  Indeed,  let  S be 
a closed  subset  of  L with  respect  to  tj , and  let  (x^J  a 6 D} 
be  a net  in  S such  that  [x  ja  £ D]  order-converges  to  a. 

By  the  above,  [x  |a  € D}  converges  to  a in  % , and  hence, 

a g S.  Thus,  S is  a closed  subset  of  L with  respect  to  O'. 

Using  Lemma  (3.5),  we  have  the  following  theorem: 
(3.6)  Theorem.  If  L is  compact  in  its  order  topo- 
logy ©'and  if  (L,^)  is  a compact  topological  lattice,  then 

= *jr. 

Proof . By  Lemma  (3.5),  c O’.  If  we  consider  again 
the  inclusion  mapping  i : (L,£)  -»  (L,^)  , then  i is  clearly 

continuous  and  onto.  Since  & is  Hausdorff  and  & is  compact, 
i is  a home  omorph  ism;  hence,  & =tf . 

By  the  pseudo -complement  c of  an  element  a relative 
to  an  element  b in  a lattice  L is  meant  an  element,  denoted 
by  c = a * b,  such  that  a a x ^ b if  and  only  if  x £ c.  If 
for  all  a and  b in  L there  is  the  pseudo-complement  a * b 
in  L,  then  L is  called  relatively  pseudo-comp lemented  [2], 
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In  [2],  Theorem  5,  pp.  147,  says  that  a complete 
lattice  L is  relatively  pseudo-complemented  if  and  only  if 
L satisfies  the  infinite  distributive  law: 

x A (V  B)  = V (x  A B)  for  all  subsets  B of  L, 
where  v B = Sup,  b and  A A = Inf  a. 

DciJ 

Now  we  show  that  the  following  corollary  holds: 

(3.7)  Corollary . Let  L be  a compact  topological 
lattice.  L is  relatively  pseudo-complemented  if  and  only 
if  L is  distributive. 

Proof . L being  compact,  we  have  that  L is  a com- 
plete lattice.  So  to  show  this  corollary  we  need  only  to 
show  that  distributivity  of  L implies  infinite  distribu- 
tivity.  Let  B be  a non -void  subset  of  L and  let  I be  the 
set  of  all  finite  subsets  G of  B.  We  show  that  for  an 
element  x of  L 

x A (v  B)  = V (x  A B)  . 

Clearly,  I is  a directed  set  under  the  set  inclusion  rela- 
tion. Setting  zQ  = v G,  [z  |G  € 1}  is  a monotone  increasing 

net  with  v z_  = v B.  According  to  (3.4)  we  have  that 
G 

[z  |G  6 I)  converges  to  V z Since  the  meet-lattice  opera- 
tion  of  L is  continuous,  (x  A zg|G  £ I]  converges  to 
x A (v  zQ)  = x A (v  B)  . However,  x A zQ  = x A (v  G)  = 

V (x  A G)  because  G is  finite  and  L is  distributive.  Set- 
ting uQ  = v (x  a G) , {uq|G  € 1}  is  seen  to  be  a monotone 
increasing  net  with  V uG  = V (x  a B) . Again,  by  (3.4)  the 
net  {uQ|  G g 1}  converges  to  V uQ  = v (x  A B)  . 

On  the  other  hand,  uG  = V (x  a G)  = x a zg  for  all 


28 


G $ I.  Therefore,  [x  A zQ| G g 1}  and  (UGIG  € 1}  are  ex- 
actly the  same  nets  and  hence,  their  limit  points  x A (v  B) 
and  v (x  A B)  must  be  the  same  since  L is  Hausdorff.  So 
we  have  x a (v  B)  = v (x  a B)  for  all  x g L,  which  com- 
pletes the  proof. 

E.  Floyd  [15]  has  shown  that  a complete  Boolean  al- 
gebra is  not  necessarily  Hausdorff  in  the  order  topology. 
Now  we  shall  find  a sufficient  condition  for  a complete 
Boolean  algebra  to  be  a Hausdorff  space  in  its  order  topo- 
logy. 

(3.8)  Theorem . If  L is  a complete  Boolean  alge- 
bra and  if  the  join-lattice  operation  (or  the  meet-lattice 
operation)  of  L is  continuous  in  its  order  topology,  then 
L is  a Hausdorff  space  in  its  order  topology. 

Proof . First  of  all  we  show  that  the  unary  opera- 
tion of  complementation  of  L is  always  continuous  in  its 
order  topology.  For  an  element  x of  L,  let  x'  be  the  com- 
plemented element  of  x.  For  an  arbitrary  open  neighbor- 
hood U of  x 1 we  claim  that  the  subset  U‘  = {y'|y  6 U]  is 

also  open  and  x € U'.  For,  if  [x  |a  € D)  is  a net  in  L\U 1 

cc 

and  if  [x^Ja  € D]  order -converges  to  an  element  a of  L, 
then 

Supatln£^a  V = Infa£SuJW  V = a’ 

On  the  other  hand,  it  is  well  known  that  for  a sub- 
set A of  a Boolean  algebra 

(Inf  A) 1 = Sup  A*  and  (Sup  A) ' = Inf  A' 
if  Sup  A and  Inf  A exist.  Thus,  it  immediately  follows 
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that 

Inf  {Sup D x'}  = Sup  {Inf  x'}  = a'. 

Since  x 6 L\u 1 for  all  a 6 D,  x'  e L\u  for  all  a € D.  So 

Cl  CL 

{x^|a  6 D}  is  a net  in  the  closed  subset  L\u  and  order- 

converges  to  a1.  Thus,  a1  £ L\u.  It  follows  that  a 6 L\u ' , 

and  hence,  L\u 1 is  closed,  i.e.,  U'  is  open  and  x 6 U'. 

Hence,  the  complementation  operation  is  continuous. 

Now  suppose  that  the  join-operation  is  continuous 

in  its  order  topology.  In  other  words,  a mapping  g from 

L x L into  L defined  by  g(a,b)  = a v b is  continuous  for 

all  pairs  of  (a,b)  in  L.  Let  f be  the  mapping  from  L into 

L defined  by  f(a)  = a'  for  all  elements  a in  L and  let  h be 

a mapping  from  L x L into  L defined  by  h(a,b)  = a A b for 

2 

all  pairs  of  a and  b in  L.  In  a Boolean  algebra  f is  the 
identity  and  f(f(a)  v f(b))  = a A b. 

Now  consider  the  following  diagram: 


L x L 

fxf 

v 

L X L 


->  L 

A 

f 


->  L 


where  (fxf)(a,b)  = (f(a),  f(b))  for  all  pairs  of  a and  b 
in  L.  It  is  easy  to  see  that  this  diagram  is  commutative. 
Indeed , 

fg(fxf) (a,b)=fg(f (a) , f (b) ) =f  ( f (a ) vf  (b) )=aAb=h(a,b) . 
Therefore,  h is  continuous.  It  follows  that  (L, &)  is  a 
topological  group  under  the  symmetric  difference  operation  + 
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which  is  defined  by  a + b = (a‘  A b)  v (a  A b')  for  all 
elements  a and  b in  L.  Since  the  order  topology  & is  al- 
ways a T^-space,  the  topological  space  (L,  O')  is  regular. 

It  follows  that  (L,^)  is  Hausdorff.  Thus,  the  proof  is 
complete . 

We  shall  be  concerned  below  with  lattice-ordered 
groups,  denoted  by  1-group. 

An  1 -group  L(  +,  A,  v)  [2],  denoted  by  L,  is  a quad- 
ruple such  that 


(i)  L is  a group  under  the  operation  +, 

(ii)  L is  a lattice  under  the  operations  A 

and  V, 

(iii)  for  elements  a,  b,  x and  y in  L 
a+(x  V y)  = (a  + x)  v (a  + y)  and  (x  V y)  + b = (x  + b) 

V (y  + b) , and  dually. 

An  element  a of  an  1-group  L is  called  positive  if 

a s 0 . 


An  1-group  has  the  chain  condition  if  and  only  if 
every  non -void  set  of  positive  elements  in  L includes  a 
minimal  element  [2].  In  such  an  1-group,  any  element  which 
covers  0,  the  identity  of  L,  will  be  called  a prime . 

G.  Birkhoff  has  shown  the  following  theorem  [16]: 
(3.9)  Theorem.  Let  L be  an  1-group  which  satis- 
fies the  chain  condition.  Then  L is  commutative  and  each 
non-zero  element  of  L can  be  expressed  uniquely  as  a sum 
of  integral  multiples  of  distinct  primes,  i.e.,  a = n^p^* 

. . .+n^pk  for  all  a € L,  where  the  n's  are  integers  and  the 
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p's  are  prime  elements  of  L.  Such  a sum  is  positive  if  and 
only  if  all  coefficients  n^  are  positive. 

R.  M.  Baer  [9]  has  characterized  a lattice  to  be 
Hausdorff  in  its  interval  topology  by  the  following: 

(3.10)  Theorem.  A necessary  and  sufficient  condi- 
tion that  the  interval  topology  of  a lattice  L be  Hausdorff 
is  that  for  every  pair  of  elements  a and  b in  L with  a < b, 
there  exist  finite  non-void  subsets  A and  B (depending  on 

a and  b)  in  L such  that  both  of  the  following  conditions 
are  satisfied: 

(i)  A = {x|a  < x £ b or  x is  either  incom- 
parable with  a or  b], 

B = (y|a  s y < b or  y is  either  incom- 
parable with  a or  b], 

(ii)  (L  V A)  U (L  A B)  = L. 

Now  we  will  prove  the  following  theorem: 

(3.11)  Theorem.  If  L is  an  1-group  which  satisfies 
the  chain  condition,  then  L is  Hausdorff  in  its  interval 
topology  if  and  only  if  L is  a chain,  i.e.,  L is  a cyclic 
group . 

Proof . The  sufficiency  is  trivial.  We  now  show 
the  necessity.  Suppose  that  L is  Hausdorff  in  the  inter- 
val topology  and  L contains  more  than  two  primes,  say  p 
and  q.  According  to  Theorem  (3.10),  there  exist  finite 
non -void  subsets  A and  B of  L such  that  (i)  and  (ii)  of 
Theorem  (3.10)  hold  for  some  pair  of  elements  a and  b with 


a < b. 
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By  Theorem  (3.9),  each  element  of  A and  B can  be  ex- 
pressed uniquely  as  a sum  of  integral  multiples  of  a finite 
number  of  distinct  primes.  Let  n be  the  greatest  integer 
of  all  these  integral  coefficients  and  zero,  and  let  m be 
the  least  of  all  these  integral  coefficients  and  zero.  It 
is  clear  that  n + 1 > 0 and  m - 1 < 0.  Now  consider  the 
element  (n  + l)p  + (m  - l)q  of  L and  we  assert  that  this 
element  does  not  belong  to  (L  v A)  u (LAB).  For,  suppose 
(n  + l)p  + (m  - l)q  6 (L  v A)  U (L  A B) , i.e.,  (n  + l)p  + 

(m  - l)q  £ L V A,  or  (n  + l)p  + (m  - l)q  SLAB,  say, 

(n  + l)p  + (m  - l)q  g L v A;  then  there  exists  an  element 

a £ A such  that  a ^ (n  + l)p  + (m  - l)q.  It  follows  that 

0^(n+l)p+(m-l)q-a.  a can  be  expressed  by 
a = n^p-^  +...+  nrPr>  where  n^  is  an  integer  with  m ^ n^  ^ n, 
and  p^  is  a prime,  i = 1,  2,  ...,  r.  Thus,  integral  multi- 
ples of  p and  q in  the  element  (n+l)p+  (m-l)q-a  are 
still  positive  and  negative,  respectively,  which  is  contrary 
to  the  fact  that  (n  + l)p  + (m  - l)q  - a ^ 0.  Similarly, 
the  other  case  also  leads  to  a contradiction.  Hence,  (ii) 
of  Theorem  (3.10)  is  not  satisfied.  Therefore,  we  can  con- 
clude that  L contains  at  most  one  prime  element.  It  fol- 
lows that  L is  either  a cyclic  group  generated  by  the  prime 
element  or  L consists  of  single  element  zero,  which  completes 
the  proof. 

(3.12)  Corollary . Let  L be  an  1 -group  which  satis- 
fies the  chain  condition.  L is  a topological  lattice  in 
its  interval  topology  if  and  only  if  L is  a chain. 
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Remark . Recently  C.  Holland  [ 17 ] has  given  an  ex- 
ample of  an  1-group  which  satisfies  neither  the  chain  con- 
dition nor  is  a chain,  but  forms  a topological  lattice  in 
its  interval  topology. 

We  recall  that  a subset  S of  a partially  ordered 
set  L is  up-directed  (down -directed)  if  and  only  if  for 
all  elements  x and  y in  S there  exists  z £ S such  that 
z ^ x,  z y (z  ^ x,  z £ y)  . 

Now  we  define  the  Birkhoff -Frink -McShane  0 -conver- 
ge nee  in  a partially  ordered  set. 

A net  (x  | a € D}  in  a partially  ordered  set  L 
O-converges  to  y £ L if  and  only  if  there  exist  non-void 
subsets  M and  N of  L such  that 

(i)  M is  up -directed  and  N is  down -directed, 

(ii)  y = Sup  M = Inf  N and 

(iii)  for  each  element  m £ M and  each  element  n £ N 

there  exists  8 € D such  that  m £ x <.  n for  all  a ^ 8 in  D. 

a H 

We  define  a subset  A of  a partially  ordered  set  L 
to  be  closed  in  the  0 -topology  of  L if  and  only  if 
{xa|ct  € 0}  is  a net  in  A and  {xa|cc  6 D]  O-converges  to  an 
element  a of  L implies  that  a £ A. 

(3.13)  Lemma . If  L is  an  1-group  and  if  the  zero 
element  in  L is  an  isolated  point  in  the  0 -topology,  then 
L is  a discrete  space  in  its  0-topology. 

Proof . By  hypothesis  {0}  is  an  open  set  in  L.  If 
y is  an  arbitrary  element  of  L and  if  L\{y}  is  not  a closed 
set  of  L,  then  there  exists  a net  (xa|a  6 D]  in  L\{y]  such 
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that  [x  | a 6 D}  O-converges  to  y.  Therefore,  it  follows 
that  there  exist  two  subsets  M and  N of  L satisfying  (i), 
(ii) , and  (iii)  of  the  definition  of  O-convergence.  It  is 
easy  to  see  that  M-y  = {m-yjm  g M]  and  N-y  = {n-yjn  £ N} 
are  up-directed  and  down -directed,  respectively,  and 
0 = Sup(M-y)  = Inf (N-y)  by  (ii) . From  (iii),  for  each 
element  m-y  g M-y  and  each  element  n-y  £ N-y,  there  exists 
an  element  p of  D such  that  m-y  £ x -y  ^ n-y  for  all 
a € D with  a ^ p.  Since  x^  =J=  y for  all  a 6 D,  {x^-y|a  6 D} 
is  a net  in  L\{0}  and  O-converges  to  0 which  is  a contra- 
diction. Hence,  {y}  is  an  open  set  in  L which  completes 
the  proof . 

We  recall  that  an  1-group  is  called  complete  if  and 
only  if  every  non-void  bounded  set  has  a greatest  lower 
bound  and  a least  upper  bound. 

(3.14)  Theorem.  Let  L be  a complete  1-group.  L is 
discrete  in  the  O-topology  if  and  only  if  L has  the  chain 
condition . 

Proof . Suppose  that  L is  discrete  in  its  O-topology. 
Let  A be  a non-void  subset  of  positive  elements  in  L.  By 
the  Hausdorff  Maximality  Principle,  there  exists  a maximal 
chain  C in  A.  Since  every  element  of  C is  positive,  C is 
bounded  below.  Therefore,  there  is  an  m = Inf  C in  L.  If 
m £ C,  then  C must  be  an  infinite  chain.  Consider  {c|c  £ C} 
where  C is  a directed  set  under  the  original  order  relation 
of  L.  Then  {c|c  £ C]  is  a net  in  L \{m}  since  m £ C.  If  we 
take  M = {m}  and  N = C,  then  it  is  easy  to  see  that  (i), 
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(ii),  and  (iii)  in  the  definition  of  O-convergence  are  sat- 
isfied. Therefore,  the  net  {c| c £ C}  O-converges  to  m, 
which  is  impossible  in  a discrete  space.  Hence  m £ C,  and 
hence,  m is  a minimal  element  of  A,  which  is  what  we  re- 
quired. 

To  prove  the  converse,  suppose  that  L satisfies  the 

chain  condition.  According  to  Lemma  (3.13)  we  need  only 

to  show  that  the  zero  element  0 is  an  isolated  point  in  L. 

If  L\{0}  is  not  closed,  then  there  exists  a net  {x  | a € D] 
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in  L\{0}  such  that  (xa|a  6 D]  O-converges  to  0.  Thus  L 
has  two  subsets  M and  N satisfying  (i),  (ii),  and  (iii) 
in  the  definition  of  0-convergence . From  (iii),  we  have 
either  0 ^ N or  0 ^ M.  Let  us  first  assume  0 ^ N.  Since 
0 = Inf  N,  every  element  of  N is  positive,  i.e.,  N is  a 
non-empty  set  of  positive  elements.  By  the  chain  condition, 
N has  a minimal  element  n.  By  (i) , n must  be  the  least 
element  of  N.  Clearly,  n =[=  0 . This  is  a contradiction 
to  (ii) . Now  assume  0 £ M.  It  is  well  known  that  in  any 
1-group  the  set  of  all  positive  elements  and  of  all  nega- 
tive elements  are  anti -isomorphic . Hence,  the  chain  con- 
dition implies  that  every  non-void  set  of  negative  elements 
has  a maximal  element.  Thus,  by  the  dual  argument,  M has 
a greatest  element,  which  is  also  impossible.  Therefore, 


L is  discrete. 


SECTION  IV 


COMPACT  AND  CONNECTED 
DISTRIBUTIVE  TOPOLOGICAL  LATTICES 

In  this  section  another  method  of  proving  Wallace's 
conjecture,  stated  in  Section  II,  will  be  given  and  the 
representation  theorems  of  some  distributive  topological 
lattices  as  n-cells  will  also  be  considered.  In  addition, 
several  structure  theorems  of  compact  topological  lattices 
are  proved. 

We  use  the  term  iseomorphism  to  mean  a mapping  which 
is  simultaneously  an  isomorphism  and  a homeomorphism  and 
use  the  symbol  c(x)  to  denote  the  complement  element  of  x 
in  a lattice  with  0 and  1 or  in  a Boolean  lattice. 

The  following  theorem  is  due  to  Anderson  [3]: 

(4.1)  Theorem . If  L is  a distributive  (chain-wise 
connected)  topological  lattice,  then  Br(L)  s n if  and  only 
if  L does  not  contain  a sub-lattice  topologically  isomor- 
phic with  a Cartesian  product  of  n + 1 non -degenerate 

9 

(closed  and  connected)  chains. 

The  following  lemma  follows  from  the  proof  of  Theo- 
rem 10  in  [ 5 ] : 

(4.2)  Lemma . If  L is  a totally  disconnected  com- 
pact Boolean  topological  lattice,  then  L is  iseomorphic 
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X 

with  the  set  of  all  subsets  of  a set  X denoted  by  2 . 

(4.3)  Theorem.  If  L is  a compact,  connected,  dis- 
tributive topological  lattice  and  if  cd(L)  ^ n,  then 
Card(cen(L))  ^ 2n. 

Proof . Let  S be  the  set  of  all  center  elements  in 
L.  Since  L is  distributive,  x £ S if  and  only  if  x has  a 
complement  element  c(x)  in  L;  x A c(x)  = 0 and  x A c(x)  = 1 
Thus,  clearly,  S forms  a Boolean  sub-lattice  with  0 and  1 
in  L.  We  show  that  S is  a closed  subset  of  L.  For,  we  may 
define  mappings: 

cp:LxL-»LXLby  cp(x,y)  = (x  A y,  0)  and 
t|f  : L x L -»  L x Lby  tji  ( x , y ) = (1,  x V y). 
Obviously,  cp  and  iji  are  both  continuous.  Therefore,  it  fol- 
lows that  cp  ‘'’(A)  fl  i|[  L(A)  is  closed  in  L x L,  where 
A = {(x,x)|x  £ L} , which  is  called  the  diagonal  of  L. 
Clearly, 

cp  1(a)  fl  i| i 1(a)  = {(x,y)  € L X Ljx  A y = 0 and  x v y = 1}. 
Let  n be  the  projection  mapping  of  L X L into  the  first  L. 
It  is  easy  to  see  that  S = rr(cp  ^(a)  D i)j  ^(A)).  L being  com 
pact,  tt (cp  ^(a)  H t| i 1(A) ) is  closed  in  L so  that  S is  closed 
Hence,  S is  a compact  Boolean  topological  lattice  of  finite 
codimension.  By  Corollary  (2.12),  S is  a totally  discon- 
nected, compact,  Boolean  topological  lattice. 

It  follows  from  Lemma  (4.2)  that  S is  iseomorphic 

x 

with  2 for  some  set  X.  Suppose  that  Card(X)  > n.  We  can 

take,  then,  (n+1)  elements  a^,  a2 , an+1  in  s such  that 

X X 

the  iseomorphism  from  S to  2 maps  a^  to  an  atom  of  2 . 
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Thus,  each  a^  is  also  an  atom  in  S.  Since  L is  compact  and 
connected,  we  can  find  a compact  connected  chain  from  0 
to  a.  in  L,  i = 1,  2,  . ..,  n+1.  It  follows  from  a.  A a^.  = 


0 (i  f j)  that  if  xi  6 Ci  and  £ C_.  (i  =j=  j),  then  x± 


A x . 


= 0. 


Now  consider  the  following  mappings: 

f : ^...XC^  ->  L defined  by  f(X]_,  ...,  xn+1) 

= xx  V • . . v xn+1 

g : f (CxX.  . -XCn+1)  “*•  C1X...XCn+  defined  by 

cf(x)  (x  A u , • • • , x A a . • , • • • , x A a . ) 

x x n+i 

Clearly,  both  f and  g are  well  defined  and  continuous. 
Furthermore,  g = f-1,  i.e.,  gf  and  fg  are  the  identities. 
Thus,  L contains  a sub-lattice  topologically  isomorphic 
with  a Cartesian  product  C^:X.  . ,XCn+^  of  non -degenerate 
closed  and  connected  chains  C^.  Therefore,  Br(L)  ^ n by 
Theorem  (4.1)  which  means  n < Br(L)  £ cd(L)  by  Corollary 
(2.5).  This  is  a contradiction.  Hence,  Card(X)  ^ n.  It 
follows  that  Card(S)  = 2m  for  some  m <;  n,  i.e.,  Card(Cen(L)) 
= Card(S)  £ 2n.  This  completes  the  proof. 

We  now  are  concerned  with  a representation  of  a 
distributive  topological  lattice  by  an  n-cell. 

The  set  of  n elements  x2 , . . . , x in  a lattice  L 

is  independent  over  an  element  a of  L if  and  only  if  x.  < a 
and  (x x V...V  x^  A Xk+1  = a,  k = 1,  2,  ...,  n-1  [2].  It 
is  easy  to  see  that  L is  distributive  then  x. , ...,  x are 
independent  over  a if  and  only  if  x^  A x^  = a (i  ^ j). 

We  will  prove  the  following  useful  lemma: 
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(4.4)  Lemma . If  L is  a distributive  topological 
lattice  with  0 and  1 and  if  L contains  n independent  ele- 
ments x.,  ....  x over  0 whose  union  is  1,  then  L is  iseo- 
1’  n 

morphic  with  the  topological  lattice  of  the  Cartesian  pro- 
duct (x.  A L)  X (x„  A L)  X...X  (x  A L)  . 

L z n 

Proof . If  we  define  a mapping  h : L ->  (x^  A L) 
X...X  (xnAL)  byh(a)  = (a  a x^,  ...,  a A xn) , then  h is 

obviously  well  defined  and  continuous  since  each  component 
is  continuous.  Furthermore,  h is  a lattice -homomorphism, 
since  for  all  elements  a and  b in  L, 

h(a  A b)  = ((a  A b)  A x^,  ...,  (a  A b)  A xn) 


= h(a)  A h(b)  and  h(a  v b)  = ((a  v b)  A x^,  ..., 

(a  v b)  a xn)  = ((a  a x^)  V (b  A x1),  ..., 

(a  A x ) V (b  A xn ) ) = h ( a ) v h ( b ) . 

Now  we  define  a mapping  g : (x^  a L)  x...x(xn  a L) 

-»  L by  g(ai;  ...,  a ) = a.^  v a2  v ...  V an . Then,  clearly, 
g is  continuous.  Furthermore,  g = h ^ . Indeed,  by  distri- 
butivity 


hg (a^ , a2,  ...,  an)  = h(a1  v a2  v . . . v an) 


= ( (a^  v . . .v  an)  A x^ , 

. . . , (a1  V v an)  A xn) 

= (a.  Ax.  , . . . , a Ax) 

1 1’  ’ n n 

= (a^,  a2,  ...,  j 


gh(a)  = g(a  a x^,  ...,  a A xn)  = (a  a x1)  v ...  v (a  A xn) 


= a A (x^  v 


V x ) = a A (x.  v 
n .1 


V x ) 
n 


= a a 1 = a by  hypothesis. 

Hence,  L is  iseomorphic  with  (x^  a L)  x (x2  a L)  x...x(xnA  L) . 


40 


(4.5)  Theorem.  Suppose  L is  a topological  lattice 
with  0 and  1.  Then  L is  iseomorphic  with  an  n-cell  if  and 
only  if  L satisfies  the  following  two  conditions: 

(i)  L is  distributive  and  contains  n inde- 
pendent elements  x^,  x xn  over  0 whose  union  is  1. 

(ii)  Each  x^  A L is  a separable  connected  lo- 
cally convex  chain. 

Proof . Suppose  that  there  exists  an  iseomorphism  f 

from  L to  an  n-cell  In  where  I is  the  real  unit  interval 

[0,1].  Then  obviously,  L is  distributive,  since  so  is  ln . 

Consider  the  fundamental  base  of  ln  : (1,  0,  0,  ...,  0), 

(0,  1,  0,  ...,  0),  , (0,  0,  ...,  1).  These  elements 

are  clearly  independent  elements  over  the  zero  (0,  ...,  0) 
t n 

in  I . 

Let  x^,  ...,  xr  be  elements  of  L for  which 

f(x1)  = (i,  o,  — , o),  , f(*n)  = (0,  0,  , 0,  1). 

Since  f is  a lattice  isomorphism,  these  elements  x-^,  ..., 

xn  are  obviously  independent  elements  over  0 in  L,  and 
moreover,  for  each  i 

f(xi  A L)  = [(0,  , 0,  ai?  0,  ...,  0)  6 In|ai  € I],  and 

hence,  f(x^  a L)  is  iseomorphic  with  I for  each  i.  It 
follows  that  each  x^  a L is  a separable  connected  locally 
convex  chain. 

Conversely,  suppose  that  L satisfies  the  conditions 
(i)  and  (ii)  in  the  theorem.  It  follows  from  Lemma  (4.4) 
that  L is  iseomorphic  with  the  Cartesian  product 
(x^  A L)  x. ..x  (xn  A L) . By  (ii)  each  x^  a L is  a separable 
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connected  locally  convex  chain.  Now  we  recall  Anderson's 
result, [18]  and  [19],  that  any  separable  connected  locally 
convex  chain  is  order  homeomorphic  to  the  closed  interval  I. 
Consequently,  it  follows  that  L is  iseomorphic  with  I X...X 
I = ln,  which  completes  the  proof. 

(4.6)  Corollary . If  L is  a topological  lattice 
with  0 and  1 with  cd(L)  = n,  then  L is  iseomorphic  with 
an  n-cell  if  and  only  if  L satisfies  (i)  in  Theorem  (4.5) 
and  (ii)  each  x^  A L is  separable,  connected  and  locally 
compact . 

Before  we  prove  the  corollary  we  give  the  following 

lemma : 

(4.7)  Lemma . If  L is  a locally  compact  topologi- 
cal lattice  with  cd(L)  = n and  if  C,,  C~  , ...,  C are  a 
locally  compact  connected  chains,  then  cd(L  x C^  x...x  C^) 

= n + m. 

This  lemma  is  an  immediate  consequence  of  H.  Cohen's 
results  [20]  that 

(i)  if  X is  a locally  compact  Hausdorff  space 
and  if  ind(X)  = 1,  then  cd(X)  = 1 where  "ind"  means  the  in- 
ductive dimension  of  Urysohn  and  Menger  [21],  and 

(ii)  If  X and  Y are  locally  compact  Hausdorff 
spaces  and  if  cd(X)  = n and  ind(Y)  = 1,  then  cd(X  x Y)  = n+1 . 
Therefore,  Lemma  (4.7)  follows  immediately  from  (ii)  since 
ind(C^)  = 1 and  the  C^,  i = 1,  2,  ...,  m,  are  a locally  com- 

pact chains. 

Proof  of  Corollary  (4.6).  The  necessity  is  obvious. 
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We  now  prove  the  sufficiency.  By  Lemma  (4.4),  L is  iseo- 
morphic  with  (x^  A L)  x X (xn  A L) . Since  x^  A L is  non- 

degenerate, connected,  and  locally  compact,  we  have 
cd(x^  A L)  ^ 1 for  each  i,  and  since  cd(L)  = cd((x^  A L) 
X...X  (xn  A L) ) = n,  we  can  verify  that  each  cd(x^  A L)  =1, 
i = 1,  2,  ...,  n.  Indeed,  suppose  cd(x^  A L)  > 1 for 
some  i.  For  each  j ( =|=i ) , we  take  a compact  connected  chain 
CL  such  that  CL  c x..  a L and  cd(CL)  = 1.  Clearly,  by  Lem- 
ma (4.7),  we  have  that  cd(L)  ;>  cd(C1  X...X  Ci_1  x(xi  A L) 
x Cj+]_  x.  . .x  Xn)  > n,  which  is  a contradiction.  Hence, 
cd(x^  a L)  = 1 for  each  i,  and  hence,  each  x^  A L is  a 
chain  [l]. 

On  the  other  hand,  x^  A L is  locally  convex  since 
it  is  connected  and  locally  compact  [ 18 ] . Therefore,  by 
Theorem  (4.5),  L is  iseomorphic  with  an  n-cell.  Thus,  the 
proof  is  complete. 

We  now  consider  the  cardinality  of  the  center  in  a 
distributive  lattice  with  0 and  1.  The  following  lemma  is 
useful  in  the  sequel. 

(4.8)  Lemma . Let  L be  a distributive  topological 
lattice  with  0 and  1.  If  x^  ...,  xn  (n  > 1)  are  all  atoms 
of  the  center  in  L and  if  x and  y are  two  incomparable  ele- 
ments in  x.  A L for  some  i,  then 

Card(Cen(L))  < Card(Cen([x  Ay,  x v y V c(x^)])), 
where  c(x^)  is  the  complemented  element  of  x^  in  the  center 
of  L. 

Proof . Without  losing  any  generality,  we  can  assume 
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that  x and  y are  two  incomparable  elements  in  x^  A L. 
Clearly,  Card(Cen(L))  = 2n.  Now  we  shall  show  that  the 
number  of  center  elements  in  the  closed  interval 
J=[xAy,  xvyv  c(x^) ] is  greater  than  2n.  To  do  so, 
consider  the  following  pairs  of  center  elements  in  J: 

(x,  yvc(xL)) 

(xvx2,  yvx3vx4v. . .vxn) , (xvx3,  yvx2vx4v. . .vx  ) , 

, (xyx  , yvx9v...vx  ,) 

(xvx2vx3,  yvx4v — vxn),  (xyx2vx4,  yvx3vx5v. . .vx  ) , 
...,  (xvxn_1vxn,  yvxxv. . -vxn_2) 


(xyx3v. . .vxn>  yvx2),  (xyx2vx4v. . .vxn,  yvx3), 


. . . , (xvx9v - . .vx  , , y vx  ) 

^ n “i.  n 

(xvc(x1) , y) . 

Obviously,  the  number  of  all  pairs  is  Q'q^)  + + + 


/'n-lN  _ 0n-l  , 

- ^ • Since  L is  distributive  and  x , a x^  = 0 (i^j) 

and  x^a  y=x^A  x=0  (ifl),  it  is  not  hard  to  see  that 
not  only  are  these  pairs  all  distinct,  but  also  all  elements 
of  these  pairs  are  distinct  from  each  other  and  any  two 
elements  in  a pair  are  complements  of  each  other  in  J. 
Moreover,  x and  y are  different  from  both  x A y and 
xvyv  c(x^)  since  x and  y are  incomparable.  Also,  any 
element  in  a pair  is  different  from  both  x a y and 
xvyv  c(x^) . Consequently,  adjoining  the  pair 
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(x  Ay,  x v y V c(x^))  of  the  trivial  center  elements  in  J, 
we  have  2n  + 2 center  elements  in  J.  Hence,  we  have 
Card(Cen(L))  = 2n  < Card (Cen ( J) ) , 
which  is  what  we  wanted  to  prove . 

We  note  that  there  would  be  at  least  (2n+'L  - 2n  - 2) 
other  center  elements  in  J because  the  center  of  J forms 
a Boolean  lattice . 

Applying  the  above  lemma,  we  can  easily  obtain  the 
following  result  of  Anderson  [13]: 

(4.9)  Corollary . H^:  L is  a connected  distribu- 

tive topological  lattice  with  0 and  1, 

H^:  each  closed  chain  in  L is  locally  convex 

and  separable, 

H^:  if  a £ b ^ c,  then  Card(Cen(b  v (c  A l)] 

<;  Card(Cen(a  v L)  ) , 

H4:  Card (Cen (L) ) = 2n, 

C:  L is  topologically  isomorphic  with  in. 

Proof . Since  the  center  C in  L forms  a Boolean  sub- 
lattice of  L,  it  follows  from  that  there  exist  exactly 
n atoms  x. , xn , ...,  x of  C . We  now  show  that  these  ele- 

ments  x^,  ...,  xn  are  independent  elements  over  0 in  L. 

Clearly,  x^  a x^  =0  (i^j),  so  that  (x^  v...v  x^)  A x^+1  = 
k = 1,  2,  . ..,  n-1.  Suppose  that  x.^  a L is  not  a chain  for 

some  i.  Then  we  can  find  two  incomparable  elements  x and  y 
in  x^  a L.  By  Lemma  (4.8),  observing  that 
O^xAy^xvyv  c(x^),  we  have  a contradiction  to  H^. 
Thus  each  x^  A L is  a chain,  so  by  H2 , A L is  locally 
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convex  and  separable.  Furthermore,  a L is  connected 
since  L is.  Hence,  by  Theorem  (4.5),  L is  iseomorphic 
with  an  n-cell  in . Thus  the  proof  is  complete. 

We  shall  now  show  that  the  number  of  all  atoms  of 
the  center,  the  number  of  all  independent  elements  over 
an  element,  the  breadth  and  the  codimension  in  a distri- 
butive topological  lattice  with  0 and  1 are  related. 

(4.10)  Lemma . If  L is  a locally  compact,  chain- 
wise  connected,  distributive  topological  lattice  with  0 
and  1,  then  Ca  (L)  Br(L)  £ In(L)  s cd(L)  provided  these 
numbers  are  finite  where 

Ca(L):  the  number  of  all  atoms  in  the  center 

in  L, 

Br(L):  the  breadth  of  L, 

In(L):  the  maximal  number  of  independent  ele- 

ments over  an  element  of  L,  and 

cd(L) : the  codimension  of  L. 

Proof . (i)  Ca(L)  £ Br(L).  Consider  the  center  C 

in  L and  the  set  of  all  its  dual  atoms  D = {d^,  &2)  . .., 
where  k = Ca(L)  . It  is  obvious  that  Inf  F =j=  0 for  any  pro- 
per subset  F of  D.  But  Inf  D = 0.  Hence  Br (L)  s k. 

(ii)  Br  (L)  <;  In(L).  Let  Br  (L)  = m.  By  defi- 
nition of  the  breadth,  there  exists  a finite  subset  F of  L 
such  that  Inf  F =j=  Inf  B for  any  subset  of  F with  Card(B) 

£ m-1.  So  F contains  a subset  A with  Card (A)  = m such  that 
Inf  A =j=  Inf  B for  any  proper  subset  B of  A,  for,  otherwise, 
if  A is  an  arbitrary  subset  of  F with  Card (A)  = m,  then 
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Inf  A = Inf  B for  some  B c A with  Card(B)  £ m-1.  There- 
fore, since  Inf  (A  (J  x)  = Inf(B  U x)  = Inf  B1  for  any 
x 6 F\A  and  some  B'  c B U x with  Card(B')  £ m-1,  we  have 
finally,  by  repeating  this  method,  Inf  F = Inf  C for  some 
C c.  F with  Card(C)  ^ m-1,  which  is  a contradiction. 

Let  A = {a1 , a~  , . ..,  a } be  such  a subset  of  F, 

and  let  xi  = InfCAXa^),  i = 1,  2,  ...,m.  Also,  let 

a = Inf  A.  Then  x^^a,  i = 1,  2,  ...,m  and  x^  =J=  x_.  if 
i f j • It  is  easy  to  see  that  (x^  V...V  x^)  A x^  = a, 

^ = 2,  ...,  m-1,  i.e.,  {x^,  ...,  xm}  are  independent 

elements  over  a.  Hence  Br (L)  £ In(L). 

(iii)  In(L)  £ cd(L).  Suppose  In(L)  = n.  Let 
[x-^,  . ..,  xn]  be  a set  of  elements  over  an  element  a, 

and  let  b = x^  V...V  xn . Clearly,  M = a v (b  A L)  is  a 

distributive  topological  lattice  under  its  relative  topo- 
logy. By  Lemma  (4.4),  M is  iseomorphic  with  (x^  A (a  v M) ) 
X....x(xn  a (a  V M) ) . Since  x^  a (a  v M)  is  non -degene rate 
and  chain-wise  connected,  we  have  cd(x^  A (a  v M) ) si  and 
so  x^  A (a  v M)  contains  a non -degenerate  compact  connected 
chain.  By  Lemma  (4.7),  cd(M)  = cd((x1  A (a  v M)x....x 
xn  A (a  v M) ) s n.  Hence,  In(L)  = n £ cd(L)  since  M is  a 
closed  subset  of  L. 

Now  we  prove  the  following  theorem: 

(4.11)  Theorem . If  L is  a locally  compact  chain- 
wise  connected  distributive  topological  lattice  with  0 and 
1,  the  following  are  equivalent: 
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(i)  Ca(L)  = cd(L)  = n, 

(ii)  Ca(L)  = n and  for  each  atom  x^  of  the 
center  in  L,  x^  a L is  a chain, 

(iii)  L is  iseomorphic  with  a Cartesian  pro- 
duct of  n compact  connected  chains. 

Proof . (i)  ->  (ii)  : Suppose  Ca(L)  = cd(L)  = n. 

Let  fx. , . . . , x } be  the  set  of  all  atoms  of  the  center 
in  L.  By  Lemma  (4.4),  L is  iseomorphic  with  (x^  A L)x...X 
(xn  a L) . Since  each  x^  A L contains  a non -degenerate 
connected  closed  chain,  we  have  cd(x^  A L)  s 1.  If 
cd(x^  A L)  > 1 for  some  i,  then  by  Lemma  (4.7)  cd(L)  = 

cd((x..  A L)  X...X  (x  A L)  ) > n which  is  a contradiction, 
l n 

Hence,  cd(x^  A L)  =1,  and  since  x^  A L is  locally  compact 
and  connected,  each  x^  A L is  a closed  connected  chain. 

(ii)  r»  (iii):  Suppose  that  x^  A L,  i = 1,  2, 

...,  n,  are  chains.  Since  x^  A L is  locally  compact  and 
connected,  it  follows  that  x^  A L is  locally  convex  [ 1 ] ; 
therefore  x^  A L is  a compact  connected  chain  [18].  Again 
by  Lemma  (4.4),  L is  iseomorphic  with  a Cartesian  product 
of  n compact  connected  chains. 

(iii)  ->  ( i)  : Suppose  that  L is  iseomorphic 

with  X...X  Cn  where  C^,  i=l,  2,  ...,  n,  are  compact 

connected  chains  with  zero  element  Ch  and  unit  element  1^. 

Clearly,  cd(L)  = cd(C^  X...X  C ) = n [20],  It  is  easy  to 

see  that  (0^,  . . . , 0 ^ » ^i+1’  * * ’ j ^ = ^ > •••> 

n,  are  atoms  of  the  center  of  C.  X...X  C . Therefore, 

’ In’ 

Ca(L)  s n = cd(L) . Since  Ca(L)  s cd(L),  we  have 
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Ca(L)  = cd(L)  = n.  Thus,  the  proof  is  complete. 

(4.12)  Lemma . If  L is  a modular  topological  lat- 
tice and  if  X = [u  A v,  u]  and  Y = [u  A v,  v]  are  two 
closed  intervals  in  L,  then  the  topological  sub-lattice 
generated  by  X and  Y is  iseomorphic  to  the  Cartesian  pro- 
duct of  X and  Y. 

Proof . Let  S be  the  topological  sub-lattice  gene- 
rated by  X and  Y.  By  Theorem  7,  pp.  73  in  [2],  S and  X x Y 
are  lattice -isomorphic  under  the  mapping  f : X x Y S de- 
fined by  f(x,y)  = x v y.  Clearly,  f is  continuous.  If  we 
define  a mapping  g : S -»  X x Y by  g(a)  = (u  A a,  v A a)  , 

then  g is  also  continuous,  and  moreover,  g = f”^".  Hence, 

S and  X x Y are  iseomorphic. 

One  can  easily  extend  Lemma  (4.12)  by  induction  as 
follows : 

(4.13)  Corollary . If  x^,  . . . , xn  are  independent 
elements  over  a in  a modular  topological  lattice  L,  then 
the  topological  sub-lattice  generated  by  the  intervals 

[a,  x.  ],  k = 1,  2,  ...,  n is  iseomorphic  with  the  Cartesian 

product  of  the  [a,  x^J's,  k = 1,  2,  ...,  n. 

(See  the  corollary,  pp.  73  in  [2].) 

As  an  immediate  consequence  of  Corollary  (4.13),  we 
have  the  following: 

(4.14)  Theorem . If  L is  a locally  compact  chain- 
wise  connected  modular  topological  lattice,  then  In(L) 

£ cd(L) . 

From  the  definition  of  the  ordinal  sum  of  two 


49 


partially  ordered  sets  [2],  we  are  motivated  to  define  the 
ordinal  sum  of  two  topological  lattices  with  the  unit  1^ 

and  1*2  with  the  zero  02  as  follows: 

The  ordinal  sum  L^  © L2  is  the  subset  (L^  x {02}) 

U ({1^}  x L2)  of  the  Cartesian  product  L^  x L2 . 

Clearly,  L^  © L2  is  also  a topological  lattice  under 
its  relative  topology  in  X L2 . Moreover,  the  element 
(ll>  O2 ) of  I*  © L2  is  at  the  same  time  the  greatest  ele- 
ment of  X [02]  an<3  t^ie  least  element  of  {1^}  x L2 . 

Recall  that  an  element  a of  a connected  topological 
space  L is  a cut  point  if  and  only  if  L a is  not  connected 
[27]  . 

The  following  theorem,  which  is  due  to  A.  D.  Wallace, 
appears  in  [18]. 

(4.15)  Theorem . If  L is  a connected  topological 

lattice  and  if  p £ L,  then  p is  a cut  point  of  L if  and 

only  if  p ={=  0,  p ^ 1,  and  L = (p  A l)  U (p  v L) . 

(4.16)  Lemma . Let  L be  a connected  topological 

lattice  and  let  a £ L,  a =j=  0,  and  a ^ 1 . a is  a cut  point 

of  L if  and  only  if  there  exists  an  iseomorphism  f : L -» 

(a  A L)  © (a  v L)  such  that  f(a)  = (a, a). 

Proof . Suppose  that  a is  a cut  point  of  L.  By 
Theorem  (4.15)  L = (a  A l)  U (a  v L) . Now  we  may  define  a 

mapping  f : L -»  (a  A L)  © (a  v L)  as  the  following: 

f(x)  = (a,x)  if  x £ a A L 

f(y)  = (y,a)  if  y 6 a v L . 

Then  clearly,  f is  well  defined,  is  a lattice -isomorphism, 
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and  is  continuous  and  also  f(a)  = (a, a).  Again  we  define 
a mapping  g : (a  A L)  © ( a v L)  *->  L as  follows: 

g(a,x)  = x V a (=x)  if  (a,x)  £ {a}  x (a  v L) 

g(y,a)  = a a y (=y)  if  (y,a)  £ (a  a L)  X {a}. 

It  is  also  easy  to  see  that  g is  well  defined  and  continu- 
ous. Furthermore,  g = f i.e.,  gf  and  fg  are  both  the 

identity. 

Conversely,  suppose  that  L is  iseomorphic  with 
(a  A L)  © (a  v L)  by  a mapping  f with  f(a)  = (a, a).  By 
definition 

(aAL) © (avL) = ( (aAL) x{a} )U ( {a}x (avL) )c(aAL) X (avL) . 
Clearly,  the  element  (a, a)  is  a cut  point  of  (a  A L) 

© (a  v L) , so  the  element  a is  a cut  point  of  L since  f 
is  a lattice -isomorphism  and  is  also  home omorph ism.  Thus, 
the  proof  is  complete . 

(4.17)  Lemma . Let  L be  a compact  connected  distri- 
butive topological  lattice  with  cd(L)  = n.  If 
Card(Cen( [a,b] ) ) £ Card (Cen ( [ c , d ] ) ) for  any  [c,d]  c [a,b] 
in  L,  then  the  closed  interval  [a,b]  is  iseomorphic  with  a 
Cartesian  product  of  m compact  connected  chains  (m  £ n) . 

Proof . Since  [a,b]  = a v (b  a L) , [a,b]  is  also  a 
compact  connected  distributive  topological  lattice  under 
its  relative  topology  in  L.  Let  us  first  suppose  that 
Card (Cen ( [a ,b] ) ) =2.  It  follows  that  [a,b]  is  a chain 
because  otherwise,  there  would  exist  two  incomparable  ele- 
ments x and  y in  [a,b]  so  that  Card (Cen ( [x  a y,  x V y])) 
would  be  > 2 , which  is  a contradiction.  Now  suppose 
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Card(Cen( [a,b] ) ) = 2m  where  m > 1.  By  Theorem  (4.3)  we 

see  that  m £ n . Let  x.  , x~ , ....  x be  all  the  atoms  of 

12’  ’ m 

the  center  of  [a,b].  By  Lemma  (4.4),  [a,b]  is  iseomorphic 

with  (x.  A [a,b])  x (x_  A [a,b])  x x (x  A [a,b]).  From 

Lemma  (4.8)  we  can  easily  see  that  each  x^  A [a,b]  is  a 
chain.  On  the  other  hand,  each  x^  A [a,b]  is  compact  and 
connected.  Hence,  the  proof  is  complete. 

Now  we  prove  the  following  theorem: 

(4.18)  Theorem . Let  L be  a compact  connected  dis- 
tributive topological  lattice  with  cd(L)  = n.  L is  iseo- 
morphic with  (C.  x C„  X...X  C ) © (D.  x D„  X...X  D ) where 

i ^ p 1 z m 

CL  and  Dj  are  closed  connected  chains,  i = 1,  2,  ...,  p, 
j = 1,  2,  ...,  m,  if  and  only  if  there  exists  a cut  point 
a such  that  Card(Cen(a  A L) ) ^ Card (Cen ( [b , c ] ) ) whenever 
b ^ c £ a,  and  Card(Cen(a  v L) ) s>  Card  (Cen  ( [d  ,e  ])  ) when- 
ever a £ d ^ e.  Moreover,  cd(L)  = Br(L)  = max{p,m} . 

Proof . Suppose  that  L is  iseomorphic  with 
(C^  X...X . C ) © (D^  X...X  D^)  by  a mapping  f.  By  Lemma 
(4.13),  ((1^,  ...,  1 ) , (0^,  ...,  0^))  is  a cut  point  of 

(C,  X...X  C ) © (D.  X...X  D ) where  1.  and  0.  are  unit 
1 pi  m x j 

element  of  C^  and  zero  element  of  D ^ , respectively,  i = 1, 
2,  . ..,  p,  j = 1,  2,  ...,  m.  So  there  exists  a cut  point 
a in  L such  that  f(a)  = ((1^  ...,  1 ),  (C^,  ...,  0m) ) and 
a a L and  a v L are  iseomorphic  with  C^  x. ..x  C^  and 
X...X  D , respectively.  Clearly,  it  follows  that 
Card (Cen (a  A L) ) ^ Card (Cen ( [b , c ]) ) whenever  b s c s a 
and  Card(Cen(a  v L) ) ^ Card (Cen ( [d,e ]) ) whenever  a £ d £ e. 
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Conversely,  by  Lemma  (4.16),  L is  iseomorphic  with 
(a  A L)  © (a  v L)  and  by  Lemma  (4.17),  a A L and  a v L are 

iseomorphic  with  a Cartesian  product  C1  X C2  x X Cp  and 

D1  x D2  x*-*x  Dm  °f  compact  connected  chains  where  p £ n 
and  m £ n.  Hence,  L is  iseomorphic  with  (C.  x C„  X...X  C ) 

12  p 

© (D.  X D„  X . . .x  D ) . 

12  m 

On  the  other  hand,  cd(C-,  X...X  C ) = p and 
cdCDj^  X...X  D^)  = m.  Therefore,  cd(L)  = Br  (L)  = max{p,m}  . 

One  can  easily  extend  the  definition  of  the  ordinal 
sum  of  two  topological  lattices  to  arbitrary  finite  num- 
bers of  topological  lattices  as  follows: 

If  L^  is  a topological  lattice  with  the  zero  ele- 
ment Ch  and  the  unit  element  1^,  i = 1,  2,  . ..,  m,  then 
the  ordinal  sum  of  L, , L„,  . . . , L is  defined  as  a subset 

J-  £ ITl 

^i=l  * * x t^i-i)  x^ix(  }x  • • * x { 0m}  ) 

of  the  Cartesian  product  L.  x L»  X...X  L . 

12  m 

Obviously,  the  ordinal  sum  operation  © is  associa- 
tive up  to  iseomorphism  but  is  not  commutative . 

One  can  also  extend  Theorem  (4.18)  as  follows: 

(4.18) 1 Theorem . Let  L be  a compact  connected  dis- 
tributive topological  lattice  with  cd(L)  = n.  L is  iseo- 
morphic with 

(A,XA0X XA  )©(B.XB„X XB  )@ ©(D,  . . XD  ) 

iz  p 12  q l r 

where  A.,  B.,  ...,  D,  are  closed  connected  chains,  i = 1, 

1 J K 

2,  p , j lj  2,  ...,  q,  ...,  h 1,  2,  ...,  r,  if  and 

only  if  there  exists  a finite  chain  0=a  < a,  <•••<  a =1 

o 1 m 

of  cut  points  a^,  a^,  ...,  a ^ of  L such  that 
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Card(Cen( [a^_^,  a^]))  ;>  Card( (Cen( [c,d] ) ) whenever 

^ c £ d s a^,  i = 1,  2,  m.  Moreover,  cd(L)  = 

Br(L)  = max[p,  q,  , r}. 

The  following  theorem  which  is  due  to  Cohen  appears 
in  [20]: 

(4.19)  Theorem.  (Sum  theorem)  If  X is  a locally 
compact  Hausdorff  space  and  if  X is  the  union  of  a count- 
able family  of  closed  sets  each  in  Dn(G)  (see  Section  II), 
then  X 6 Dn (G) . 

Now  we  shall  prove  the  following  theorem: 

(4.20)  Theorem . If  L is  a locally  compact  connected 
topological  lattice  and  if  L is  the  union  of  a countable 
family  of  compact  connected  chains  of  L,  then  L is  a chain. 

Proof . If  C is  a non -void,  non -degenerate  compact 
connected  chain  of  L,  then  cd(C)  = 1.  For,  C is  a compact 
connected  topological  lattice  under  its  relative  topology, 
and  hence,  C has  the  order  topology  (see  [ 19 ] ) . It  follows 
that  ind(C)  = 1.  From  a result  of  Cohen  [20]  we  have 
cd(C>  = 1.  Therefore,  C £ D^(G) . By  Sum  theorem,  we  ob- 
tain L £ D1(G) . It  follows  that  cd(L)  si.  By  a result 
of  Anderson  [l] , L is  a chain  since  L is  locally  compact 
and  connected. 
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